
Sum with tangents in square.
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For any real  let un :
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sin
,n    0.Since sinn  2  sinn 

2cos  sinn  1 then un can be defined by recurrence

(2) un1  2cos  un  un1,n   and u0  1,u1  2cos.

If we replace cos in (2) with real x we obtain recurrence

(3) Un1x  2xUnx  Un1x,n   and initial condition U0  1,U1  2x

which define polynomials Unx,n    0 (Chebishev’s polynomials of the 2nd kind).

For example U2x  4x2  1,U3x  8x3  4x.
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* If n is coefficient for xn in Unx then n satisfies to recurrence n1  2n,0  1).
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Note that U2n1x can be directly defined by recurrence



U2n1x  22x2  1U2n1x  U2n3x,n  N with U1x  0,U1x  2x.

Since U2n1x divisible by 2x then polynomial Pnx satisfy to the recurrence

(4) Pn1x  22x  1Pnx  Pn1x,n  N with P0x  0,P1x  1.
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In particularly, from (4) follows recurrence

(5) Pn10  2Pn0  Pn10  0,n  N with P00  0,P10  1.

Let bn :
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then (5) can be rewritten as

(6) bn1  2bn  bn1  0,n  N with b0  0,b1  1.

Since bn1  bn  bn  bn1,n  N then bn  bn1  1,n  N and, therefore,
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Since sequence
2nn2  1

3
is particular solution of nonhomogeneous

recurrence (8) then an 
2nn2  1

3
 n   where     0 because a0  a1  0.

Thus an 
2nn2  1

3
,n  N and, therefore,


k1

n1

1

cos2 k
2n

 
Pn
 0
Pn0



Pn
 0

1n

Pn0

1n1

 an
n 

2n2  1
3

.

Hence,
k1

n1

tan2 k
2n


2n2  1

3
 n  1 

2n  1n  1
3

.

In particular for n  1010 we obtain
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